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In this paper we explore some general aspects of the embeddings associated with brane-localized gravity. In
particular we show that the consistency of such embeddings can requirapose very specific relations
between all the involved bulk and brane matter source parameters. We specifically explore the embeddings of
3-branes with non-zero spatial 3-curvatlkento 5-dimensional spacetime bulks, and show that for such
embeddings, a 5-dimensional bulk cosmological constant is not able to produce the exponential suppression of
the geometry thought necessary to localize gravity to the brane.
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I. GENERAL INTRODUCTORY REMARKS world. Moreover, it is equally necessary to see whether any
given such 4-space configuration of matter fields can even be
It has been suggested recerjtly-4] that it is possible for ~ consistently embedded into a higher dimensional space at all.
our 4-dimensional universe to be a 3-bramenbedded in And, indeed, in one sense the whole localization issue is
some higher dimensional bulk spacetime whose spaceliki@itially somewhat puzzling, since gravitating material al-
extra dimensions need not in fact be as minuscule as theivays produces a gravitational field in the empty space
string theory Planck length expectation. And while the origi-around it, and it is straightforward to produce source con-
nal motivation of these studies was an attempt to solve thégurations in which the associated gravitational potentials
hierarchy problem, nonetheless the potential existence of ar§an actually grow at distances far from such sources. While
large such extra dimension is a matter of great interest in an@n immediately obvious example of such a source might be a
of itself.> Moreover, Randall and Sundrui®,4] were able to  uniform density, zero curvature sheet of non-relativistic
show that the embedding of a flat Minkowski 3-brane into astatic gravitating material, a source which produces a con-
5-dimensional anti—de Sitter (Adspacetime would then Stant, non-declining, Newtonian gravitational force away
explicitly localize gravity to the 4-dimensional world, from the sheet when the sheet is immersed in an otherwise
thereby releasing the extra higher dimension from needing tfat, empty background, such a non-relativistic gravitational
be tiny. Now, while this is a very nice property of the AdS field is just a coordinate artifact, being equivalent to a uni-
embedding, it is important to see just how generic it in fact isform acceleration in flat space. Thus, as we will show below,
and to what extent the embedding into a 5-dimensionafn embedding of such a sheet into a bulk with a non-zero
spacetime of any given 4-dimensional set of matter fields irp-dimensional cosmological constant does in fact pro-
any given 4-dimensional geometryould in fact then result duce a gravity which is localized to the sheet, though, as we

in a gravity that actually was localized to the 4-dimensionalshall also see, the covariantizing of such a shéetthen
produce a true gravitational fielgoroves to be instructive,

with the consistency of its embeddigven into a source
*Permanent address: Department of Physics, University ofree bulk being found to only be achievable for very specific
Connecticut,  Storrs, CT  06269. Email  address: brane equations of state. Motivated by this analysis, we shall
mannheim@uconnvm.uconn.edu then extend our study to the case where the static sheet or
The dimensionality of a brane is defined by the number of itsPrane is endowed with a non-zero spatial 3-curvatur@
spatial dimensions just like that of a sheet of material. configuration whose embedding into a source free bulk leads
2For a recent compilation of some of the rapidly growing litera- 0 @ gravitational force which even grows with distance, one
ture in this field see e.g5]. which is not a coordinate artifg¢tto then find in this case
3In discussing embeddings it is important to recognize that théhat the bulkAs is found incapable of producing exponen-
geometry of a given bulk can be modified by the introduction intofially suppressed localization of the geometry to the brane.
the bulk spacetime of a brane with its own specific symmetry, and 10 begin our analysis it is instructive to recall some gen-
with the brane setting up its own gravitational field in the bulk, it is €ral properties of Ad$Sspacetime itself. As well as being
important to ascertain whether a given Adsilk geometry remains constructible as a constant surface in a flat 6-dimensional
so after the embedding of the brane. To illustrate the point we recaffPace, the AdSmetric can also be given by the convenient
that the familiar Schwarzschild de Sitter metds?=—B(r)dt? ~ form
+dr2/B(r)+r2dQ [whereB(r)=1—2MG/r —kr?] is a metric for N
which the geometry exterior to the source is not maximally ds’=(R?/2%)(dZ2— dt?>+dx?) 1)
4-symmetric [Rogoz= — kr(1+2M G/kr3)sirf0# — k(9,033
—g2)1, with it only becoming so asymptotically far from the whereR s the radius of curvature. To see that this metric is
source. In the presence of the mass source then the geometry exig- fact an Adg metric, we note that since this metric is
rior to the source is not the g9eometry it would have been had conformal to flat, we can explicitly determine its associated
the source not been there. curvature by conformally transforming the flag,,(x) met-
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ric according to nw(x)—&z(z) 7,(X) =0,,(X) where suppression3,4].° It is thus to the implications of the em-
Q(z)=R/z. Under such a transformation the initially zero bedding of such brane universes, and to the dynamical inter-

5-dimensional Ricci tensor is found to transform to play of the bulk and the brane entailed by the very fact of
such embedding&@ven when the bulk itself contains no mat-
RE,—Q7°9,0°(03) 8413-3Q0 " 19#9,(Q 1) =484IR. ter fields at all, to which we now turn, first in a source free

(2 empty background and then in one with a bulk (viz. a
bulk that would be AdSin the absence of the brane
Moreover, since the Weyl tensor vanishes in geometries

which are conformal to flat, the Riemann tensor associated || EMBEDDING A BRANE IN AN EMPTY BULK
with the metric of Eq(1) is determinable from its associated _ _ _
Ricci tensorRM=4gW/R2 alone, with it then immediately For the embedding of a homogeneous, isotropic standard

being found to take the formR,,,,=—(gs,0, 4-dimensional Robertson-Walker universe with spatial

_ngg)\O')/Rz' We thus recognize the Spacetime associate&'curvatur.ek int.O an arbitrary(and thus not necessarily
with the metric of Eq.(1) to be that of a 5-space with con- AdSs) 5-dimensional bulk space, the most general allowed
stant negative curvatuté= — 1/R?, viz. AdS;. As the above maximallyr, 6, ¢ 3-symmetric metric takes the generic form
analysis shows, we could construct metrics of the faish

yst ws, we cod ! ! ds?’=—n?(y,t)dt?+a?(y,t)[dr?/(1—kr?)+r2dQ]

=(R?/x?)(dZ2—dt?>+d x?) wherex is any one of the four
spacelike coordinates and still have an AdSpacetime. +b2(y,t)dy?+ 2¢(y,t)dtdy, (4
However, because of the signature change in the flat

d’Alambertian operatow,d, the metricds?= (R?/t?)(dz2  up to arbitrary coordinate transformations involvipgndt.
—dt2+dY2) would have constant positive curvatuté Recognizing the purg,t sector of this metric to be the most

=+ 1/R? and thus be a de Sitter rather than an anti—de Sitteg€neral 2-dimensional metric in gt space, we can thus
space. For negative curvature spaces then the muItipIyinH‘ake a coordinate transformatlon in this space to remove the
overall factor in the metric of E¢1) must only be associated Yt Cross term, and in the illustrative static limit which we
with one of the spacelike coordinates. Since for such coordiStudy here can then reabsdily) into a redefinition ofy to

nates the transformatiorn=Re"R allows us to rewrite the thuS yield
metric in the form d?=—n2(y)dt?+a?(y)[dr2/(1—kr2)+ r2dQ]+dy?

— 5
ds?=dy’— e ¥/R(dt?—dx?), ©) ®
a metric whose embedding and localization of gravity as-

we see that in AdS spaces the spatial exponeetig’R  pects we now stud§.While in brane-localized studies it is
factor acts just like its temporal analaf'R in de Sitter ~desired to recover standard gravity only in the 4-dimensional
spacetimes. Such exponential behavior in AdS spaces is thugorld, it is conventional to assume that the full 5-space grav-
the spatial analogue of inflation, with tlee 2/R factor lead- ity is given simply by the 5-dimensional Einstein equations

ing to rapid suppression as we go outyiraway from the (rather than by some more complicated set of 5-dimensional
4-dimensional space associated with the metiit—dx2. ~ €duations viz.
Now since the multiplying factor in the metric of E€l) is _ _ C o _ 2 e
quadratic inz (and uniquely so for AdS spa¢géswe can Gap=Rap~9asR"c/2= ~ 15[ Ta* T,.,94980(y)] (6)

; : +y/R
makeitr/a}{nsformatlons_of either of the form=Re"™Y'™ and where Trg (A,B=0,1,2,3,5) is due to sources in the bulk
z=Re ¥Y® on the metric of Eq(1). Thus we can make the
transformationz=Re"Y'R in the y>0 region and the trans-
formation z=Re YR in the y<O0 region to then give us
e 2VIR exponential suppression for every valueyofposi-

andT,, (u#,»=0,1,2,3) is due to sources on the0 brane.
For the symmetry of Eq5) both of these energy-momentum
tensors are given as perfect fluids, viz.

tive or negative. However, now the two regionsyimvill be TAg=diag — pg.,Pg.Pg.Pg.P7),
two separate patches of AgdSvith there then necessarily
being a discontinuity ag=0 where the two patches meet. It T#,=diag — py.Pb . Pb . Pb) 7

is thus at just such a discontinuity that our 4-dimensional

universe can be located with our universe then being &B denotes bulk ant denotes braneFor the metric of Eq.
3-brane embedded in a higher dimensional bulk space cortb) it is straightforward to write the 5-dimensional Einstein
taining two separate geometrical patches, with gravity poten-

tially then being localized to the brane through #ie?YI'R

>The dependence of the geometry away from the branéybn
rather than oty itself is characteristic of the requirement made in all
“Multiplying a flat space metric by any conformal factor will al- brane localized gravity studiéthis one includepithat there is to be
ways lead to a new metric which is conformal to flat. However, it isa y— —y symmetry of the metric around the=0 brane.
only the choiceN)?(z) = R?/z? which leads to a spacetime with the ®While we concentrate here on embedding and localization issues,
same maximal number of Killing vectors as the original flat space-the brane theory associated with E4) has also been studied as a
time itself. cosmology in and of itself; see e [G—8|.
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equations, with the resulting expressions simplifyindtte Pp=—pp/3. (13)
prime denotes differentiation with respectytp
Den 2 262 2 o As a check of this solution, we note that the Israel junction
Goo=3e°f"/2f*—3e’k/f*=—kzepgtpud(Y))/f (8)  conditions which follow from Eq(11) in our particular case,
viz. [7]
Gij=[—f"/2—fe'le+k]yi;= — x&f[Pa+Ppd(Y) ¥y
9) [a'(y=0")—a'(y=07)]/a(y=0)=—«py/3, (14

- _ N + —_ .2
Gos= ~ ST e 2let ST= 7 1Py B0 I (y=07)=n"(y=0")1n(y=0) = k2(3py+ 205)13,
when the identificatiom(y) = f¥4(y), n(y)=e(y)/f¥q(y) is (15
made[here y;; = diag(1/(1-kr?),r?,r2sir?6)]. _ o . _ o
While we shall discuss the implications of these equationé’® indeed gatlsﬂed_ by our obtained d!sgontmﬁutwlth
in various situations below, we note immediately that when“(¥) =1+ k5pply|/3 in the weak gravity limit, we see that
the bulk T g is set to zero and when the spatigl coordi- ~ We nicely recover the linear potential characteristic of a
nates are restricted to a flat 2-dimensionalyj plane andy ~ Newtonian gravity shegthough, as will be clarified below,
is replaced by the usual spatial Eq. (5) then describes a ©ne actually not with the standard weak gravity coeffigient
uniform, infinite, flat 2-dimensional sheet of static matterWith gravity not at all being localized to the brane and with
embedded inwhat otherwise would have beewordinary the strong gravity limit even possessing a singularityyat
empty spacetime, a system whose Newtonian limit is knowrn— 3/K§Pb-
to correspond to a gravitational potential which grows lin-  While we thus see that we can obtain the anticipated non-
early with z and a gravitational forcé(z) per unit mass localized solution, we find that it is only obtainable for a
which is independent of. Moreover, in such a case, the very particular equation of state, one with a negative
Newtonian gravitational force points toward the0 sheet pressuré. In order to understand this result we need to dis-
no matter which side we consider, with Gauss’ law yieldingtinguish between the role that gravity plays in an ordinary
F(z=0")-F(z=0")=47nGo and F(z=0")=-F(z 4-dimensional world and the one that it appears to be playing
=0")=27Go for a sheet of surface matter density with in the embedded case. As regards first the conventional pure
the gravitational potentialh=27Go]z| thus being discon- 4-dimensional situation with no embedding into a fifth di-
tinuous across the surfates such the relatiorF (z=0") mension, we note that there the fluid equation of state is
—F(z=0")=4nGo is a non-relativistic analogue of the fully usually taken as a fixed, gravity independent input, and the
covariant relativistic Israel junction conditiofi9] (see e.g.
[10,17] for some recent derivatiohs
8with all of the metric coefficients being functions , the
Kuy=0") =K, (y=07)=~ KE(TW— Qur T%3) junction conditions require the terms Iineadgm to be firstbglder in
1D %2 viz. a(y=a(l-cZpylyl6)+O(y1),  n(ly)=pl1
+ k2(3Po+ 2pp)|YI/6] + O(ly|?) = B(L+ kZpy|y|/6)+ O(|y|?). The
djunction conditions thus generate a contribution to the bulk Rie-
mann tensofsee Eq.(41) below] which only begins in ordek?,

across a discontinuous surface with normal where gug
=0as—NaNg=(d,, is the induced metric on the surface an

— a ,B . . . .
K#V ?tﬂq Npia 1S 'tls eXt”nfS;ﬁ_Cl:\jvatture.' We Sh?”dt.hus something which is to be expected since the ovcfeconstant New-
gxp_ec_ 0 See an analogué o IS _e_w onian gravity IS'C(_mt'onian gravitational acceleration associated with a metric with
tinuity in the treatment of the relativistic case associated Wltf}](y): B(1+ k2py|y|/6) is removable by a coordinate transforma-
Eg. (5), something to which we now turn. tion, with coordinate independent gravitational effects thus only

For the simplest case first of &=0 spatially flat peginning in order, with true gravity thus needing the(x2)

on taking the metric coefficier#(y) to be a function ofy|  zero.
=y[6(y)— 6(—Yy)] [where|y|'=6(y)— 6(-y), |y|'*=1, °To see that this is in fact a generic effect we note that for a flat
ly|”=26(y)], integration of Eq.(8) is then found to yield 2-brane embedded in an empty 4 space, viz. one described by
5 ) the metric ds?=-—n?(z2)dt?+a?(z)(dx*+dy?)+dZ, the
a“(y) = a(1-«gpplyl/3) (12 4-dimensional Einstein equatior8,,,= — k3T, take the form

. . _ . G%=—(2aa"+a’'2)/a’= k5p,6(2), G*%,=—(a’n+a'n’
wheree is an arbitrary constant which can be absorbed in & an")/an=—x2p,3(z), G%=—a’(a’n+2an’)/a?n=0, with

red_efinition of the spatiak; coordinates. With Eq(10) then  , ion a(z)=1n%(z) = (1— 3x2p,|2//8)23,  constraint p,
obliging e(y)=g(|y|) to be a Constant., we can th,en SGt:—pb/4, Israel junction conditions of the form(w(y:0+)
E(y)(IZ%/aE())/\)/idve\}/gh Eq. (9) then recovering the solution of —Kiw(Y=07)=—Ki(ZTW—qWT“a/Z) (viz. [a,(yfm)_a,(y
4-129p =07))/a(y=0)=—ripp/2, [n'(y=0")=n'(y=0")]/n(y=0)
:K§(2pb+pb)/2), and a Riemann tensor which is again of order
Kﬁ. In passing we note also that our result confirms an old result of
"With brane studies always requiring the gravitational potential toVilenkin [12] that no static solution is possible for 2-branes with
only be a function ofiz|, we see that such a requirement nicely equation of statg),=—py,. However, we now see that a static
dovetails with the constraints of Gauss’ law. solution is possible whep,= — p,/4.
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gravity which it produces is then determined as outputtially being able to dynamically adjust to each other to
Nonetheless, even in that case fiyd py, ratio need not nec- thereby fix the pressure on the brane and yield the brane
essarily be positive. Thus even while the energy density andquation of state as outptft Thus rather than a given input
pressure of a high temperature ideal gas due to the kinematituid equation of state imposing an output geometry on grav-
motions of the gas particles are both positive, if the gas idty, gravity instead could impose an output equation of state
cooled into a solid phase, it then undergoes a phase trangin the fluid.
tion, a long range order effect such as condensation into an The notion that the presence of an extra dimension might
ordered crystal lattice, an effect which can be associated withave dynamical implications and that higher dimensional
the negative pressure characteristic of vacuum bredRing, gravity might play a role in stabilizing lower dimensional
with non-gravitational physics thus being capable of leadingsystems is certainly a very interesting one which requires
to fluids with negative pressuféThus, if the fluid equation further study. To illustrate its capability it is instructive to
of state is to be taken as a fixed, gravity independent input iiecall Einstein’s attempt to construct a static 4-dimensional
the embedded gravity case as well, we would have to conmodel of the universe. As is well known, in his attempt to do
clude that unless the fluid actually possesses the needé&@ Einstein introduced a cosmological constant and was then
equation of state, then r(statio embedding would in fact be able to find a non-trivial static universe solution provided the
possible'? spatial 3-curvatur& of the universe was taken to be positive.
However, in the brane-embedded case, it turns out thdh such a situation the ordinary 4-dimensional Einstein equa-
gravity can potentially play a different role, one in which it tions take the fornG%=3k= «3py,, G';=kd|= — k;ppd; to
could be instrumental in actually fixing the fluid equation of precisely impose the self sanpg= — p,/3 equation of state
state in the first place, with the equation of state then beingvhich we obtained above while fixing= x2p,/3° As we
output to the problem rather than input. In particular, the keyhow see, in the 5-dimensionkk= 0 model discussed above,
difference between the embedded and non-embedded cas@g binding role played by positivie in the 4-dimensional
is that in the embedded case the matter sources are assumggrld is instead provided by the embedding, with the con-
to be confined to the brane, with no brane matter contributiorstraint conditionGss=0 then providing a dynamics not oth-
to Tss being permitted. As a consequence, hg compo-  erwise present in the 4-dimensional system it§&lf.
nent of the empty bulk Einstein tensor has to vanish, a quite |n fact this phenomenon is actually a quite general one.
non-trivial requirement which has dynamical implications Specifically if the Einstein equations are assumed to hold in
not present in a non-brane-embedded situation where thie bulk, it turns ouf19,20 that the induced gravitational
fluid is otherwise free to flow in all available spatial direc- equations on the brane actually deviate from the standard
tions. Such a vanishing is then a constraint imposed by the
geometry, and even when there are no explicit bulk matter———
fields to apply stresses on the brane, nonetheless there is still*Thus while the Israel junction conditiopn’(y=0%)—n’(y
a non-vanishing Riemann tensor in the btiko thus enable =07)1/n(y=0)=k2(2p,+py)/2 associated with the embedding
th.e bulk gravitational field to provide such stresses insteadof a flat 2-brane in an empty 4 space would actually yield the
with the bulk curvature and the brane pressure then poterstandard weak gravity Gauss’ |aW’(y=0+)—n’(y=O’)]/n(y
=0)= KﬁprZ if we were to ignore the pressupg on the brandthe
usual weak gravity assumptiprwe see that the consistency of the
19 such a case the harmonic phonon mode fluctuations in th€Mbedding requires a very different brane pressure, one of the same
lattice will still have positive pressure; it is just that they have Order of magnitude ag, to thus yield to a weak( smal) gravity
nothing to do with the mechanism which put the atoms onto thdimit whose potential has a different normalization than that asso-
lattice sites in the first place by minimizing the free energy. RatherCiated with a standard pressureless weak Newtonian gravity sheet.
they are only a perturbation around such a minimum, a minimum tdSince the standard Newtonian potential of a sheet is just a coordi-
which gravity however is sensitive. nate artifact, there is no reason for it to have to correspond to the
The p,= — pp/3 equation of state required above, for instance,non-relativistic limit of the true gravity associated with a fully co-
could be associated with an isotropic network of cosmic stringsyariantized uniform sheet.
with such a negative pressure fluid potentially leading to the cosmic *°Einstein himself satisfied the relatiqn,= — p,,/3 by taking p;,
acceleratior{see e.g[13] for a recent revieyassociated with quin- =p,,+\, p,=—\ wherep,, is the energy density of ordinary mat-
tessence mode(44]. ter. In this solution then ordinary matter was taken to have no
2In their original papers Randall and Sundrum noted the need tpressure and the cosmological constant was tuned to be given as
have a fixed relation between bulk and brane cosmological conk =p,/2. Thus already in this now quite ancient model we see the
stants in models in which(y) was initially set equal ta(y). We need for constraintgeither input or outpyton the components of
now see that restrictions on the structure of the energy-momenturtine 4-dimensional matter energy-momentum tensor. In passing we
tensor are of much broader generality, in principle involving thenote that current observatiof5—17 almost a century later are
energy densities and pressures of all brane matter sources, restrapparently requiring a similar such fine-tuning between
tions which are intrinsic to all embeddingsven ones into source- 4-dimensional matter and vacuum energy densifi@ssome rem-
free bulkg and not just only to those associated with AdS edies to this perplexing problem see €18]).
13.e. The very presence of the brane modifies the geometry in the **Negative pressure solutions to the cosmic acceleration problem
source-free bulk, to thus prevent it from being the flat one that itcould thus arise as a 4-dimensional reflection of a higher dimen-
would have been in the absence of the brane. sional embedding.
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4-dimensional Einstein equations, with the additional termgresence of the higher dimensional space even if the gravi-
that are found being explicit consequences of the embeddingational field is localized to the 4-dimensional wott°

viz., they do not represent new matter sources in the 4-space, To study further implications of such embeddings we turn
but rather they arise though the constraints associated withow to our second soluble model, namely a static 3-brane
the very existence of the embedding. In particular the authoraith non-zerok embedded in an empty bulk. In the event of
of [19] noted that since the difference between thenon-zerok the most general empty bulk solution to E8) is
4-dimensional Riemann tensof¥R“;.; of a general directly given as

4-surface and the 5-dimensional Riemann terR®g.p of

some general 5-bulk into which it is embedded can be com- a’(y)=a(1- ripy|yl/3+Kly|% a), (21)
pletely characterized by a function quadratic in the extrinsic )

curvature tensoK ,, of the 4-surface according to the GaussWith Eq. (10) then leading to

embedding formula
g n?(y) = (— xZppal3+2k|y|) % a(1- ripplyl/3+K|y|? ),
(4)Ra[3y($: RABCDqAanchquﬁ_ K KgstK*sKg,, (22
(16)  and with Eq.(9) then entailing the equation of state

use of the bulk Einstein equations, the Israel junction condi-
tions at the surface of the brane and the assumptionyof a

-y symmetry arou_nd thg.=0 prane then enable us to Thus we see that the consistency of the embedifgthe
express the 4-dimensional Einstein tensor in terms of quan-

tities on the brane which must necessarily be quadratic in th{r%on-tnwal vanlsr_nng 0fCse) again Imposes constraints on
: e brane equation of state, with the metric away from the
energy-momentum tensor of the brane. In particular, for ge;

neric metrics of the fOI’I’IﬂSzIdyZ'Fq’quX’“dXV and a brane brane now growing quadratically with distance. It is thus to
energy-momentum tensor of the specific fofm

Po=— py/3— 12K/ akipy. (23)

19\t ; ; :
TAB: _A55AB, T,=— N0+ 7y, 17) Notl_ng the s_peplal role played by the brane .cosmologlcal con
stant\ in establishing the Newton constant term in ELB), we see
the authors off19] found that the 4-dimensional Einstein that the effective Newton consta@t, would vary(possibly even in
tensor on the brane is given by sign as well as magnitugén different epochs separated by phase
transitions, with early universe cosmology then potentially no
@G =A —87G _ 4 “E 18 longer being controlled by the Newton constant measured in a low
ur= a8y T OTONTLy ™ Ko Tuy™ Epy (18) energy Cavendish experiment. It is thus of interest to note that it is
precisely an epoch dependence to both the sign and magnitude of
the effective gravitational coupling constant which has recently
GN:)\Ké/487T, Ag= Ké(A5+ K§A2/6)/2, been identified18] as a possible solution to the cosmological con-
stant problem.
20n passing, we also note a subtlety in applying Etf) to the

where

— A CoB D
Euv=C"sconan™a%.a", (19 Schwarzschild ~ problem.  Specifically, even though the
4-dimensionaR ,,=0 vacuum Schwarzschild solution cg2il] ex-
= — B Y32
Tuv= " TpaTy 1A+ 767, /124 0, Tap7*"/8 plicitly be embedded into a 5-space with a bulk cosmological con-

—q,.(7%,)2/24, (200  stant according to the localizingls*=e~2¥[dr%/(1—-2MG/r)
K +r2dQ— (1-2MG/r)dt?]+dy?, a case where every single term

and Where§=[E(y=0+)+ E(y=07)]/2 is the mean value in Eq. (18) is found to vanish, nonetheless, the bulk is not AdS
: . hi . Specifically, E¢18) only invol th jecti f th
of E,, at the brane. Thus, even in the event that gravity geté IS Tase pelc' 'Cahy q )Ioorll_y Invo Vesh ebprOJec |<?jnsho N
to be localized to the brane, we see in general that on th&/eY! tensor along the normal direction to the brane and these com-

brane we would expect gravity to depart from that given byponents 'rl'_d_fed ldo lv‘:‘_n'Sh ;]n thet?]mtkt'r:' th?hsomt'o'ﬁm' H:’W' f th
just the standard 4-dimensional Einstein equations associaté\e/fer’ explicit caiculiation shows that the omher components ot the
eyl tensor{viz. the ones not involved in Eq18)] do not in fact

with a non-embedded 4-dimensional wotfdThus measure- ) oyl 3 S .
ments within a 4-dimensional world embedded in a higher/2"Sh(Cf: Coroi=2MGe ¥/r), so that(just like in our earlier

dimensional bulk would in principle be able to reveal thed_'scuss'qn of the 4-dimensional SChwarzs.‘Ch'ld d? Sitter matic
find that in the presence of a Schwarzschild metric on the brane the

geometry cannot be the maximally symmetric Ad8 the bulk
(though it does become so asymptotically far from the bradew
This particular form was chosen so that one of the quadratiGn their paper the authors $19] showed that when there is a spa-
terms would then yield a term linear ir),, . tially inhomogeneous matter distribution on the brane, (£§) then
8For a perfect fluidr,, = (pm+PmU U, +pmd,, ., for instance, ~ prevents the exterior bulk geometry from being pure AdSince
the additional m,, tensor takes the forranW:[UMUV(Zpﬁ1 settingR,,,=0 on the brane actually requires a delta function sin-
+2pmpm)+qw(pr2n+ 2pmPm) 1/12, and thus acts like an additional gularity atr =0 (if the 1k term ingq, is to have a non-zero coef-
perfect fluid with pressuré’=(p§+ 2pmPm)/12 and energy density ficient), a Schwarzschild metric on the brane actually entails an
R= pzm/12 (so that ifp,= —p/3, P=+R/3). inhomogeneous source on the brane, to thus yield a non-Bdg.
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the issue of whether or not there is to be a quenching of this In order to try to remove this undesired growing exponen-
metric when a bulk cosmological constant is introduced tatial anyway, we note that the insertion of E&6) into the

which we now turn. brane discontinuity formulas associated with Eg). and its
Eqg. (9) counterpart yields
I1l. EMBEDDING A BRANE IN A NON-EMPTY BULK 3v(a—pB)= —(Ol‘l‘,B)Képb, (29)

In the event of there being a bulk cosmological constant )
— pg=pg=P1=—As the structure of the solutions to the 6v(a+pB)=(a—B)rs(ppt3Pp), (29
5-dimensional Einstein equations will depend on whether

there is a spatial curvatuteon the brane. Thus on setting '€/ations whose solubility requires the quantipp(ps
k=0 first and takinga(y) to be a function only ofy| just as +3pb_) to expressly be negative. Thus if in add|t|.on to the_
before, Eq.(8) is then found to lead to equation of statéonce again we see that embeddings entail

constraints on both the bulk and brane matter fields

2
g_z_ddfl(||y|) — — k2Asf(ly]) (24 As— k5pp(pp+3pp)/12=0, (30
y
which then follows, we additionally now impose the condi-
tion
didlyD
33—+ kippf d(y)=0. 25
dly| souf(ly]) | 8(y) (25 D5= — P 31)

According to Eq.(24) (viz. a pure bulk Einstein equation W€ will then explicitly force the coefficiens to vanish and
which would hold even in the absence of any brane at reduce the metric to just one exponential term. Thus on drop-
=0) and its counterpart which comes from E8), the most  Ping the 3 dependent term in Eq(26) (a point we shall

general allowed metric coefficient in the=0 case is then Teturn to below, and retaining only ther dependent one, we
found to have an unbounded exponential dependence then find that the discontinuity condition at the brane then

fixes the sign ofv according

a¥(y)=f(y)=ae+pe "W, v=—k2py/3, (32)
n(y)f¥4(y)=e(y) = ae'—ge~*M, (26)  with the geometry now being localized to the brane accord-
ing to
on distance ifAs is negative(viz. anti—de Sittey, with the a2(y)=ae™, n2(y)=ae’V, (33)

square of the exponent being given by

whenpy, is positive(for p, negative no localization would be
2= —2kZAg/3. (27)  obtained, with Eq. (30) then yielding the compatibility con-
dition
Thus no matter what sign we take forwe see that in and of
itself a bulk cosmological constant does not automatically
lead to exponential suppression away from the brane in thi
case—as we recall from E¢L), the AdS metric is quadratic

A+ k2pil6=0. (34)

sI‘hus wheng is set to zero the exponential dependence as-
. o . ; sociated with Eq(33) nicely quenches the linear metric de-
in R/z—with the most general solution to EQR4) in fact pendence found in Eq12) in the empty bulk case just as

necessarily being unbounded, with having\g#0 bulk in . . . ) : .

: : - desired, while precisely imposing on the brane the equation
and of itself thus not being sufficient to guarantee brane-O]c state associated with a cosmological constanwith the
localization of gravity’! Thus we see that while the bulk 9

might have been a pure Ad®ulk with only a single expo- condition —As= Kgpg./GE KE\?/6 then entailing the vanish-
nential in its metric in the absence of the brane, the introduc"9 of the net effe%tzwe brane cosmological constantof
he general Eq(19),” just as found in the original Randall-

tion of the lower symmetry brane then lowers the symmetr)}S d d
in the bulk with the unbounded exponential no longer auto- un rum'stu Y.
; : Returning now to the more gener@ dependent case
matically being excluded. . ) L2 .
given in Eq.(26), we see that it is its more general equation
of state Ag— Kgpb(pb-F 3pp)/12=0, rather than the re-
01 o stricted one of Eq(34), which actually matches on continu-
In the original RandaII-Sundrum _stgdy th_e brane geometry Wa%usly to thep, = — p,/3 equation of state obtained earlier as
taken to be maximally 4-symmetritviz. Minkowsk, to thus g4 (13) in the Ag=0 case. The reason for this is due to the

oblige the metric coefficienta®(y) andn®(y) to be equal to each limiting process needed to extract the term lineatyihas
other, and thereby only allow solutions with a single exponential.

(Whether this single exponential itself would then be converging or.

diverging depends on the sign of,.) However, once the brane

geometry is lowered to maximally 3-symmetric, two exponential 2?Equation(19) thus explains why this condition is in fact qua-
terms with opposite sign exponents are then allowed. dratic in\.
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needed for Eq(12) from a function only containing expo- #0 case, nonetheless we find thf(y) is not asymptoti-
nentials, with it being only a linear combination of two ex- cally suppressed far away from the brane. Ratttéy) tends
ponentials with appropriately chosen singular coefficientgo the non-vanishing value|<3K§A5 if kis negativdeven as
[=(1=1/v)] which can generate a non-vanishing linearn?(y) is then being suppressgavhile if k is positiven(y)
term when the exponeni=(—2x2As/3)*?is allowed to go  actually becomes singular. This lack of suppression is also
to zero. Hence, by not retaining th dependent term, we evidenced in the Riemann tensor, with R$?, component
have then taken A 5 dependent metric, viz. that of E@B3),  for instance, viz.
whoseA;— 0 limit does not generate any term linearyn.

It is thus our assumeg vanishing|y| =2 boundary condi-

tion which takes care of the E¢L2) empty bulk linear term,

with the parametep itself actually only vanishing when the tending to — k2A4/3 at largey (viz. twice the pure AdS

ifi i = — i I 3 . . .
very specific equation of stafg,= — py, is imposed;’ to thus value, with the bulk embedding thus never being able to
then lead to a geometry which is exponentially suppressed g, nteract the effect of the spatial curvature of the brane, no
we go away from the brane. As we shall now show, howevery e how judicious a choice of matter fields we may make.

in the presence of a non-zero spatial curvature, i.e. in the gimijar situation is also found for the Weyl tensor wHére
presence of a non-trivial topology on the brane, even picking

a brane field configuration which retains only the exponen-
tially dampeda dependent term will not in fact prove suffi-

RY2,=f'?/4f2—Kk/f, (41)

C¥,=[—2eff"+3ef'?—2efk—3e'ff’+2f%e"]/12ef?

cient to suppress the geometry away from the brane.
In thek# 0 non-empty bulk case, Eq&6), (28) and(29)
are found to be replaced by

f(y)=aeM+ ge="M—2k/ 1?2

e(y)= ae’lV— Be‘”‘y‘, (35)
3V(C¥_B)=_(a+,8_2k/V2)K§pb, (36)
6v(a+B)=(a—B)ri(pp+3pp), (37)

where again?= —2K§A5/3. If we now drop thde”'y‘ type
term by hand by requiring the matter fields to obeé(3pb
+ pp) 2+ 24A5=0, the solution reduces to

a’(y)=ae"V'+3k/k2As,

n?(y)=ae"M/(1+3ke "W/akiAs), (39
where
v=(—2kEA5/3)Y?= — kZpy(1+ 3kl akiAs)/3,
Po=—pp(1+2k/ axiAs), (39

with the net brane cosmological constani vanishing this

(42

asymptotes to the non-vanishing vaIue<§A5/6. Thus, un-
like pure AdS, the metric associated with E¢38) is not
conformal to fla>:?® with the bulk cosmological constant
A5 term not being able to completely quench the quadratic
growth previously found foa?(y) in Eq. (21) in the k+0,
As=0 casé’ Thus, to conclude, we see that while embed-
ding in a higher dimensionah ;<0 bulk might lead to a
brane-localized geometry in certain specific cases, it would
appear from study of our somewhat idealized static cosmo-
logical model that such embeddings may not always lead to

24For metrics of the form given in Eq5) all non-vanishing com-
ponents of the Weyl tensor are kinematically proportionaltd,, .

As Eq. (42) also shows, even whee(y)=f(y)=1, C'%, is
equal to—k/6 and still does not vanish. Thus even while a constant
curvature 3-space embedded in an otherwise flat 4-spé@estan-
dard 4-dimensional Robertson-Walkegroduces a 4-dimensional
metric which is conformal to flat, the same is not true of the same 3-
space embedded in an otherwise flat 5-space, something a bulk
cosmological constant is simply unable to alter. With only ke
=0 Robertson-Walker geometry thus being localizable by ansAdS
embedding, it would be of interest to see whether geometries with
non-zerok but with a negligibly small current era value €% (t)

time if the brane matter energy density and brane cosmologi= —kc?/R?(t) could still admit of an effective brane-localized cur-
cal constantdefined viap,=p,,+\) are fine-tuned accord- rent era gravity.

ing to
A=—pm(1+axiAs/3K), (40)

so that the brane matter pressure definedpga py,—\ is

then related to the brane matter energy density according to 6As

Pm=—pm/3. As we thus see, even though the Ad&po-

29t is possible to force the bulk Weyl tensor to vanish, to then
force the bulk to actually be AdSHowever, this requires the re-
instatement of the divergettype term, with the coefficients in the
metric of Eq.(35) having to then obew8=k?/v*#0, and with the
fields then having to be related according k@pb(Zpb+3pb)
=0. Thus even in this case there is still no localization of
gravity. Further details of this particular case are presented sepa-

nential damping factor does make an appearance irkthe rately in[22].

2"\While, as had already been noted above, the bulk geometry
would not be pure Ad$in the event that the brane matter source

23since we should in principle be able to consider brane fieldwas spatially inhomogeneous, we also see that even when the brane
configurations other than this particular one, we see that in generalistribution is homogeneous, the bulk geometry may still not be

some configurations lead to suppression and some do not.

pure AdS.
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exponential suppression in general, with localization thughe brane perfect fluids are increased two things occur. First,
needing to be checked on a case by case basis. the terms in Eq(18) which are quadratic ip.,, p,, Start to
Note addedAs shown above, the key result of this paperbecome important on the brane, to thus lead to departures
is that while it is possible to localize gravity around a singlefrom the standard cosmology on the brane itself. And sec-
Minkowski brane embedded in a non-compactified bulk withond, as these perfect fluid matter fields build up on the brane,
a non-zero cosmological constant, such localization is nothey start to produce new gravitational fields in the bulk. And
possible for a non-flat Robertson-Walker brane embedded ias the study of this paper shows, in the event of non-zero
the same non-compactified bulk. While beyond the specificspatial curvature on the brane, these ensuing bulk gravita-
scope and objectives of the present paper, it is nonetheless tibnal fields are then apparently able to non-perturbatively
interest to ask what would happen if the bulk fifth dimensionlead to an undoing of gravity localization altogether, and in
were to be compactified into a8,/Z, circular geometry their presence any compactification radius would therefore
with an orbifold symmetry, a two-brane setup whose cosmolphenomenologically need to be microscopic.
ogy was explicitly studied ifi23]. Specifically, these authors
considered linearized perturbations around the two
Minkowski brane setufviz. two static branes with equal and
opposite cosmological constants embedded in a compactified The author would like to thank Dr. A. Nayeri for intro-
bulk with non-zero cosmological constamtue to the addi- ducing him to the subject of brane-localized gravity and
tion of perfect fluid matter fields on th@xplicitly assumed would like to thank him and Drs. A. H. Guth, H. A. Cham-
spatially fla} branes. In their study they found, through useblin, D. Z. Freedman and A. Karch for some very helpful
of the radion stabilization mechanista mechanism which discussions. The author would also like to thank Dr. R. L.
requires the presence of a new, additional scalar field in thdaffe and Dr. A. H. Guth for the kind hospitality of the Cen-
bulk [24]), that the associated radion modulus fluctuationter for Theoretical Physics at the Massachusetts Institute of
field which appears once the fifth dimension is in fact com-Technology where this work was performed. This work has
pactified then serves to stabilize the size of the fifth dimenbeen supported in part by funds provided by the U.S. Depart-
sion, with standard cosmology then being recovered in thenent of Energy(DOE) under cooperative research agree-
linearized limit[cf. \>p.,, py, in EQ. (18)]. With regard to ment DF-FC02-94ER40818 and in part by grant DE-FG02-
this perturbative treatment we note that as the strengths &2ER40716.00.
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