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Constraints on brane-localized gravity
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In this paper we explore some general aspects of the embeddings associated with brane-localized gravity. In
particular we show that the consistency of such embeddings can require~or impose! very specific relations
between all the involved bulk and brane matter source parameters. We specifically explore the embeddings of
3-branes with non-zero spatial 3-curvaturek into 5-dimensional spacetime bulks, and show that for such
embeddings, a 5-dimensional bulk cosmological constant is not able to produce the exponential suppression of
the geometry thought necessary to localize gravity to the brane.
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I. GENERAL INTRODUCTORY REMARKS

It has been suggested recently@1–4# that it is possible for
our 4-dimensional universe to be a 3-brane1 embedded in
some higher dimensional bulk spacetime whose space
extra dimensions need not in fact be as minuscule as t
string theory Planck length expectation. And while the ori
nal motivation of these studies was an attempt to solve
hierarchy problem, nonetheless the potential existence of
large such extra dimension is a matter of great interest in
of itself.2 Moreover, Randall and Sundrum@3,4# were able to
show that the embedding of a flat Minkowski 3-brane into
5-dimensional anti–de Sitter (AdS5) spacetime would then
explicitly localize gravity to the 4-dimensional world
thereby releasing the extra higher dimension from needin
be tiny. Now, while this is a very nice property of the AdS5
embedding, it is important to see just how generic it in fac
and to what extent the embedding into a 5-dimensio
spacetime of any given 4-dimensional set of matter fields
any given 4-dimensional geometry3 would in fact then result
in a gravity that actually was localized to the 4-dimensio

*Permanent address: Department of Physics, University
Connecticut, Storrs, CT 06269. Email addres
mannheim@uconnvm.uconn.edu

1The dimensionality of a brane is defined by the number of
spatial dimensions just like that of a sheet of material.

2For a recent compilation of some of the rapidly growing liter
ture in this field see e.g.@5#.

3In discussing embeddings it is important to recognize that
geometry of a given bulk can be modified by the introduction in
the bulk spacetime of a brane with its own specific symmetry,
with the brane setting up its own gravitational field in the bulk, it
important to ascertain whether a given AdS5 bulk geometry remains
so after the embedding of the brane. To illustrate the point we re
that the familiar Schwarzschild de Sitter metricds252B(r )dt2

1dr2/B(r )1r 2dV @whereB(r )5122MG/r 2kr2] is a metric for
which the geometry exterior to the source is not maxima
4-symmetric @R232352kr4(112MG/kr3)sin2uÞ2k(g22g33

2g23
2 )#, with it only becoming so asymptotically far from th

source. In the presence of the mass source then the geometry
rior to the source is not the dS4 geometry it would have been ha
the source not been there.
0556-2821/2000/63~2!/024018~8!/$15.00 63 0240
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world. Moreover, it is equally necessary to see whether
given such 4-space configuration of matter fields can even
consistently embedded into a higher dimensional space a
And, indeed, in one sense the whole localization issue
initially somewhat puzzling, since gravitating material a
ways produces a gravitational field in the empty spa
around it, and it is straightforward to produce source co
figurations in which the associated gravitational potenti
can actually grow at distances far from such sources. W
an immediately obvious example of such a source might b
uniform density, zero curvature sheet of non-relativis
static gravitating material, a source which produces a c
stant, non-declining, Newtonian gravitational force aw
from the sheet when the sheet is immersed in an otherw
flat, empty background, such a non-relativistic gravitatio
field is just a coordinate artifact, being equivalent to a u
form acceleration in flat space. Thus, as we will show belo
an embedding of such a sheet into a bulk with a non-z
5-dimensional cosmological constantL5 does in fact pro-
duce a gravity which is localized to the sheet, though, as
shall also see, the covariantizing of such a sheet~to then
produce a true gravitational field! proves to be instructive
with the consistency of its embedding~even into a source
free bulk! being found to only be achievable for very speci
brane equations of state. Motivated by this analysis, we s
then extend our study to the case where the static shee
brane is endowed with a non-zero spatial 3-curvaturek ~a
configuration whose embedding into a source free bulk le
to a gravitational force which even grows with distance, o
which is not a coordinate artifact!, to then find in this case
that the bulkL5 is found incapable of producing expone
tially suppressed localization of the geometry to the bran

To begin our analysis it is instructive to recall some ge
eral properties of AdS5 spacetime itself. As well as bein
constructible as a constant surface in a flat 6-dimensio
space, the AdS5 metric can also be given by the convenie
form

ds25~R2/z2!~dz22dt21dx̄2! ~1!

whereR is the radius of curvature. To see that this metric
in fact an AdS5 metric, we note that since this metric
conformal to flat, we can explicitly determine its associat
curvature by conformally transforming the flathmn(x) met-
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ric according to hmn(x)→V2(z)hmn(x)5gmn(x) where
V(z)5R/z. Under such a transformation the initially ze
5-dimensional Ricci tensor is found to transform to

Rm
n→V25]r]r~V3!dn

m/323V21]m]n~V21!54dn
m/R2.

~2!

Moreover, since the Weyl tensor vanishes in geomet
which are conformal to flat, the Riemann tensor associa
with the metric of Eq.~1! is determinable from its associate
Ricci tensorRmn54gmn /R2 alone, with it then immediately
being found to take the form Rlrsn52(gsrgln

2gnrgls)/R2. We thus recognize the spacetime associa
with the metric of Eq.~1! to be that of a 5-space with con
stant negative curvatureK521/R2, viz. AdS5. As the above
analysis shows, we could construct metrics of the formds2

5(R2/x2)(dz22dt21d x̄2) wherex is any one of the four
spacelike coordinates and still have an AdS5 spacetime.
However, because of the signature change in the
d’Alambertian operator]r]r, the metricds25(R2/t2)(dz2

2dt21dx̄ 2) would have constant positive curvatureK
511/R2 and thus be a de Sitter rather than an anti–de S
space. For negative curvature spaces then the multipl
overall factor in the metric of Eq.~1! must only be associate
with one of the spacelike coordinates. Since for such coo
nates the transformationz5Rey/R allows us to rewrite the
metric in the form

ds25dy22e22y/R~dt22dx̄2!, ~3!

we see that in AdS spaces the spatial exponentiale22y/R

factor acts just like its temporal analoge2t/R in de Sitter
spacetimes. Such exponential behavior in AdS spaces is
the spatial analogue of inflation, with thee22y/R factor lead-
ing to rapid suppression as we go out iny away from the
4-dimensional space associated with the metricdt22dx̄ 2.
Now since the multiplying factor in the metric of Eq.~1! is
quadratic inz ~and uniquely so for AdS spaces4!, we can
make transformations of either of the formz5Re1y/R and
z5Re2y/R on the metric of Eq.~1!. Thus we can make the
transformationz5Re1y/R in the y.0 region and the trans
formation z5Re2y/R in the y,0 region to then give us
e22uyu/R exponential suppression for every value ofy, posi-
tive or negative. However, now the two regions iny will be
two separate patches of AdS5 with there then necessaril
being a discontinuity aty50 where the two patches meet.
is thus at just such a discontinuity that our 4-dimensio
universe can be located with our universe then bein
3-brane embedded in a higher dimensional bulk space
taining two separate geometrical patches, with gravity pot
tially then being localized to the brane through thee22uyu/R

4Multiplying a flat space metric by any conformal factor will a
ways lead to a new metric which is conformal to flat. However, i
only the choiceV2(z)5R2/z2 which leads to a spacetime with th
same maximal number of Killing vectors as the original flat spa
time itself.
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suppression@3,4#.5 It is thus to the implications of the em
bedding of such brane universes, and to the dynamical in
play of the bulk and the brane entailed by the very fact
such embeddings~even when the bulk itself contains no ma
ter fields at all!, to which we now turn, first in a source fre
empty background and then in one with a bulkL5 ~viz. a
bulk that would be AdS5 in the absence of the brane!.

II. EMBEDDING A BRANE IN AN EMPTY BULK

For the embedding of a homogeneous, isotropic stand
4-dimensional Robertson-Walker universe with spa
3-curvaturek into an arbitrary ~and thus not necessaril
AdS5) 5-dimensional bulk space, the most general allow
maximally r ,u,f 3-symmetric metric takes the generic for

ds252n2~y,t !dt21a2~y,t !@dr2/~12kr2!1r 2dV#

1b2~y,t !dy212c~y,t !dtdy, ~4!

up to arbitrary coordinate transformations involvingy and t.
Recognizing the purey,t sector of this metric to be the mos
general 2-dimensional metric in ay,t space, we can thus
make a coordinate transformation in this space to remove
y,t cross term, and in the illustrative static limit which w
study here can then reabsorbb(y) into a redefinition ofy to
thus yield

ds252n2~y!dt21a2~y!@dr2/~12kr2!1r 2dV#1dy2

~5!

a metric whose embedding and localization of gravity
pects we now study.6 While in brane-localized studies it i
desired to recover standard gravity only in the 4-dimensio
world, it is conventional to assume that the full 5-space gr
ity is given simply by the 5-dimensional Einstein equatio
~rather than by some more complicated set of 5-dimensio
equations!, viz.

GAB5RAB2gABRC
C/252k5

2@TAB1TmndA
mdB

n d~y!# ~6!

where TAB (A,B50,1,2,3,5) is due to sources in the bu
andTmn (m,n50,1,2,3) is due to sources on they50 brane.
For the symmetry of Eq.~5! both of these energy-momentum
tensors are given as perfect fluids, viz.

TA
B5diag~2rB ,PB ,PB ,PB ,PT!,

Tm
n5diag~2rb ,pb ,pb ,pb! ~7!

(B denotes bulk andb denotes brane!. For the metric of Eq.
~5! it is straightforward to write the 5-dimensional Einste

-

5The dependence of the geometry away from the brane onuyu
rather than ony itself is characteristic of the requirement made in
brane localized gravity studies~this one included! that there is to be
a y→2y symmetry of the metric around they50 brane.

6While we concentrate here on embedding and localization iss
the brane theory associated with Eq.~4! has also been studied as
cosmology in and of itself; see e.g.@6–8#.
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CONSTRAINTS ON BRANE-LOCALIZED GRAVITY PHYSICAL REVIEW D63 024018
equations, with the resulting expressions simplifying to~the
prime denotes differentiation with respect toy)

G0053e2f 9/2f 223e2k/ f 252k5
2e2@rB1rbd~y!#/ f ~8!

Gi j 5@2 f 9/22 f e9/e1k#g i j 52k5
2f @pB1pbd~y!#g i j

~9!

G55523 f 8e8/2f e13k/ f 52k5
2PT ~10!

when the identificationa(y)5 f 1/2(y), n(y)5e(y)/ f 1/2(y) is
made@hereg i j 5diag(1/(12kr2),r 2,r 2 sin2u)#.

While we shall discuss the implications of these equati
in various situations below, we note immediately that wh
the bulkTAB is set to zero and when the spatiali , j coordi-
nates are restricted to a flat 2-dimensional (x,y) plane andy
is replaced by the usual spatialz, Eq. ~5! then describes a
uniform, infinite, flat 2-dimensional sheet of static mat
embedded in~what otherwise would have been! ordinary
empty spacetime, a system whose Newtonian limit is kno
to correspond to a gravitational potential which grows l
early with z and a gravitational forceF(z) per unit mass
which is independent ofz. Moreover, in such a case, th
Newtonian gravitational force points toward thez50 sheet
no matter which side we consider, with Gauss’ law yieldi
F(z501)2F(z502)54pGs and F(z501)52F(z
502)52pGs for a sheet of surface matter densitys, with
the gravitational potentialf52pGsuzu thus being discon-
tinuous across the surface.7 As such the relationF(z501)
2F(z502)54pGs is a non-relativistic analogue of the full
covariant relativistic Israel junction conditions@9# ~see e.g.
@10,11# for some recent derivations!

Kmn~y501!2Kmn~y502!52k5
2~Tmn2qmnTa

a/3!
~11!

across a discontinuous surface with normalnA where qAB
5gAB2nAnB[qmn is the induced metric on the surface a
Kmn5qa

mqb
nnb;a is its extrinsic curvature. We shall thu

expect to see an analogue of this Newtonian gravity disc
tinuity in the treatment of the relativistic case associated w
Eq. ~5!, something to which we now turn.

For the simplest case first of ak50 spatially flat
Robertson-Walker geometry embedded in a source free b
on taking the metric coefficienta(y) to be a function ofuyu
5y@u(y)2u(2y)# @where uyu85u(y)2u(2y), uyu8251,
uyu952d(y)], integration of Eq.~8! is then found to yield

a2~y!5a~12k5
2rbuyu/3! ~12!

wherea is an arbitrary constant which can be absorbed i
redefinition of the spatialxi coordinates. With Eq.~10! then
obliging e(y)5e(uyu) to be a constant, we can then s
n(y)51/a(y), with Eq. ~9! then recovering the solution o
Eq. ~12! provided

7With brane studies always requiring the gravitational potentia
only be a function ofuzu, we see that such a requirement nice
dovetails with the constraints of Gauss’ law.
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pb52rb/3. ~13!

As a check of this solution, we note that the Israel juncti
conditions which follow from Eq.~11! in our particular case,
viz. @7#

@a8~y501!2a8~y502!#/a~y50!52k5
2rb/3, ~14!

@n8~y501!2n8~y502!#/n~y50!5k5
2~3pb12rb!/3,

~15!

are indeed satisfied by our obtained discontinuity.8 With
n2(y)→11k5

2rbuyu/3 in the weak gravity limit, we see tha
we nicely recover the linear potential characteristic of
Newtonian gravity sheet~though, as will be clarified below
one actually not with the standard weak gravity coefficien!,
with gravity not at all being localized to the brane and w
the strong gravity limit even possessing a singularity atuyu
53/k5

2rb .
While we thus see that we can obtain the anticipated n

localized solution, we find that it is only obtainable for
very particular equation of state, one with a negat
pressure.9 In order to understand this result we need to d
tinguish between the role that gravity plays in an ordina
4-dimensional world and the one that it appears to be play
in the embedded case. As regards first the conventional
4-dimensional situation with no embedding into a fifth d
mension, we note that there the fluid equation of state
usually taken as a fixed, gravity independent input, and

o

8With all of the metric coefficients being functions ofuyu, the
junction conditions require the terms linear inuyu to be first order in
k5

2, viz. a(uyu)5a(12k5
2rbuyu/6)1O(uyu2), n(uyu)5b@1

1k5
2(3pb12rb)uyu/6#1O(uyu2)5b(11k5

2rbuyu/6)1O(uyu2). The
junction conditions thus generate a contribution to the bulk R
mann tensor@see Eq.~41! below# which only begins in orderk5

4,
something which is to be expected since the orderk5

2 constant New-
tonian gravitational acceleration associated with a metric w
n(y)5b(11k5

2rbuyu/6) is removable by a coordinate transform
tion, with coordinate independent gravitational effects thus o
beginning in orderk5

4, with true gravity thus needing theO(k5
2)

terms of both of then(y) and a(y) metric coefficients to be non
zero.

9To see that this is in fact a generic effect we note that for a
2-brane embedded in an empty 4 space, viz. one described
the metric ds252n2(z)dt21a2(z)(dx21dy2)1dz2, the
4-dimensional Einstein equationsGmn52k4

2Tmn take the form
G0

052(2aa91a82)/a25k4
2rbd(z), Gx

x52(a9n1a8n8
1an9)/an52k4

2pbd(z), Gz
z52a8(a8n12an8)/a2n50, with

solution a(z)51/n2(z)5(123k4
2rbuzu/8)2/3, constraint pb

52rb/4, Israel junction conditions of the formKmn(y501)
2Kmn(y502)52k4

2(Tmn2qmnTa
a/2) „viz. @a8(y501)2a8(y

502)#/a(y50)52k4
2rb/2, @n8(y501)2n8(y502)#/n(y50)

5k4
2(2pb1rb)/2…, and a Riemann tensor which is again of ord

k4
4. In passing we note also that our result confirms an old resu

Vilenkin @12# that no static solution is possible for 2-branes w
equation of statepb52rb . However, we now see that a stat
solution is possible whenpb52rb/4.
8-3
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gravity which it produces is then determined as outp
Nonetheless, even in that case thepb /rb ratio need not nec-
essarily be positive. Thus even while the energy density
pressure of a high temperature ideal gas due to the kinem
motions of the gas particles are both positive, if the gas
cooled into a solid phase, it then undergoes a phase tra
tion, a long range order effect such as condensation into
ordered crystal lattice, an effect which can be associated
the negative pressure characteristic of vacuum breakin10

with non-gravitational physics thus being capable of lead
to fluids with negative pressure.11 Thus, if the fluid equation
of state is to be taken as a fixed, gravity independent inpu
the embedded gravity case as well, we would have to c
clude that unless the fluid actually possesses the ne
equation of state, then no~static! embedding would in fact be
possible.12

However, in the brane-embedded case, it turns out
gravity can potentially play a different role, one in which
could be instrumental in actually fixing the fluid equation
state in the first place, with the equation of state then be
output to the problem rather than input. In particular, the k
difference between the embedded and non-embedded c
is that in the embedded case the matter sources are ass
to be confined to the brane, with no brane matter contribu
to T55 being permitted. As a consequence, theG55 compo-
nent of the empty bulk Einstein tensor has to vanish, a q
non-trivial requirement which has dynamical implicatio
not present in a non-brane-embedded situation where
fluid is otherwise free to flow in all available spatial dire
tions. Such a vanishing is then a constraint imposed by
geometry, and even when there are no explicit bulk ma
fields to apply stresses on the brane, nonetheless there is
a non-vanishing Riemann tensor in the bulk,13 to thus enable
the bulk gravitational field to provide such stresses inste
with the bulk curvature and the brane pressure then po

10In such a case the harmonic phonon mode fluctuations in
lattice will still have positive pressure; it is just that they ha
nothing to do with the mechanism which put the atoms onto
lattice sites in the first place by minimizing the free energy. Rat
they are only a perturbation around such a minimum, a minimum
which gravity however is sensitive.

11The pb52rb/3 equation of state required above, for instan
could be associated with an isotropic network of cosmic strin
with such a negative pressure fluid potentially leading to the cos
acceleration~see e.g.@13# for a recent review! associated with quin-
tessence models@14#.

12In their original papers Randall and Sundrum noted the nee
have a fixed relation between bulk and brane cosmological c
stants in models in whichn(y) was initially set equal toa(y). We
now see that restrictions on the structure of the energy-momen
tensor are of much broader generality, in principle involving t
energy densities and pressures of all brane matter sources, re
tions which are intrinsic to all embeddings~even ones into source
free bulks! and not just only to those associated with AdS5.

13I.e. The very presence of the brane modifies the geometry in
source-free bulk, to thus prevent it from being the flat one tha
would have been in the absence of the brane.
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tially being able to dynamically adjust to each other
thereby fix the pressure on the brane and yield the br
equation of state as output.14 Thus rather than a given inpu
fluid equation of state imposing an output geometry on gr
ity, gravity instead could impose an output equation of st
on the fluid.

The notion that the presence of an extra dimension m
have dynamical implications and that higher dimensio
gravity might play a role in stabilizing lower dimension
systems is certainly a very interesting one which requi
further study. To illustrate its capability it is instructive t
recall Einstein’s attempt to construct a static 4-dimensio
model of the universe. As is well known, in his attempt to
so Einstein introduced a cosmological constant and was
able to find a non-trivial static universe solution provided t
spatial 3-curvaturek of the universe was taken to be positiv
In such a situation the ordinary 4-dimensional Einstein eq
tions take the formG0

053k5k4
2rb , Gi

j5kd j
i 52k4

2pbd j
i to

precisely impose the self samepb52rb/3 equation of state
which we obtained above while fixingk5k4

2rb/3.15 As we
now see, in the 5-dimensionalk50 model discussed above
the binding role played by positivek in the 4-dimensional
world is instead provided by the embedding, with the co
straint conditionG5550 then providing a dynamics not oth
erwise present in the 4-dimensional system itself.16

In fact this phenomenon is actually a quite general o
Specifically if the Einstein equations are assumed to hold
the bulk, it turns out@19,20# that the induced gravitationa
equations on the brane actually deviate from the stand
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14Thus while the Israel junction condition@n8(y501)2n8(y
502)#/n(y50)5k4

2(2pb1rb)/2 associated with the embeddin
of a flat 2-brane in an empty 4 space would actually yield
standard weak gravity Gauss’ law@n8(y501)2n8(y502)#/n(y
50)5k4

2rb/2 if we were to ignore the pressurepb on the brane~the
usual weak gravity assumption!, we see that the consistency of th
embedding requires a very different brane pressure, one of the s
order of magnitude asrb , to thus yield to a weak (k4

2 small! gravity
limit whose potential has a different normalization than that as
ciated with a standard pressureless weak Newtonian gravity sh
~Since the standard Newtonian potential of a sheet is just a coo
nate artifact, there is no reason for it to have to correspond to
non-relativistic limit of the true gravity associated with a fully co
variantized uniform sheet.!

15Einstein himself satisfied the relationpb52rb/3 by takingrb

5rm1l, pb52l whererm is the energy density of ordinary ma
ter. In this solution then ordinary matter was taken to have
pressure and the cosmological constant was tuned to be give
l5rm/2. Thus already in this now quite ancient model we see
need for constraints~either input or output! on the components o
the 4-dimensional matter energy-momentum tensor. In passing
note that current observations@15–17# almost a century later are
apparently requiring a similar such fine-tuning betwe
4-dimensional matter and vacuum energy densities~for some rem-
edies to this perplexing problem see e.g.@18#!.

16Negative pressure solutions to the cosmic acceleration prob
could thus arise as a 4-dimensional reflection of a higher dim
sional embedding.
8-4
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CONSTRAINTS ON BRANE-LOCALIZED GRAVITY PHYSICAL REVIEW D63 024018
4-dimensional Einstein equations, with the additional ter
that are found being explicit consequences of the embedd
viz., they do not represent new matter sources in the 4-sp
but rather they arise though the constraints associated
the very existence of the embedding. In particular the auth
of @19# noted that since the difference between t
4-dimensional Riemann tensor(4)Ra

bgd of a general
4-surface and the 5-dimensional Riemann tensorRA

BCD of
some general 5-bulk into which it is embedded can be co
pletely characterized by a function quadratic in the extrin
curvature tensorKmn of the 4-surface according to the Gau
embedding formula

(4)Ra
bgd5RA

BCDqA
aqB

bqC
gqD

d2Ka
gKbd1Ka

dKbg ,

~16!

use of the bulk Einstein equations, the Israel junction con
tions at the surface of the brane and the assumption ofy
→2y symmetry around they50 brane then enable us t
express the 4-dimensional Einstein tensor in terms of qu
tities on the brane which must necessarily be quadratic in
energy-momentum tensor of the brane. In particular, for
neric metrics of the formds25dy21qmndxmdxn and a brane
energy-momentum tensor of the specific form17

TA
B52L5dA

B , Tmn52lqmn1tmn ~17!

the authors of@19# found that the 4-dimensional Einste
tensor on the brane is given by

(4)Gmn5L4qmn28pGNtmn2k5
4pmn2Ēmn ~18!

where

GN5lk5
4/48p, L45k5

2~L51k5
2l2/6!/2,

Emn5CA
BCDnAnCqB

mqD
n ~19!

pmn52tmatn
a/41ta

atmn/121qmntabtab/8

2qmn~ta
a!2/24, ~20!

and whereĒ5@E(y501)1E(y502)#/2 is the mean value
of Emn at the brane. Thus, even in the event that gravity g
to be localized to the brane, we see in general that on
brane we would expect gravity to depart from that given
just the standard 4-dimensional Einstein equations assoc
with a non-embedded 4-dimensional world.18 Thus measure-
ments within a 4-dimensional world embedded in a hig
dimensional bulk would in principle be able to reveal t

17This particular form was chosen so that one of the quadr
terms would then yield a term linear intmn .

18For a perfect fluidtmn5(rm1pm)UmUn1pmqmn , for instance,
the additional pmn tensor takes the formpmn5@UmUn(2rm

2

12rmpm)1qmn(rm
2 12rmpm)#/12, and thus acts like an additiona

perfect fluid with pressureP5(rm
2 12rmpm)/12 and energy density

R5rm
2 /12 ~so that ifpm52rm/3, P51R/3).
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presence of the higher dimensional space even if the gr
tational field is localized to the 4-dimensional world.19,20

To study further implications of such embeddings we tu
now to our second soluble model, namely a static 3-br
with non-zerok embedded in an empty bulk. In the event
non-zerok the most general empty bulk solution to Eq.~8! is
directly given as

a2~y!5a~12k5
2rbuyu/31kuyu2/a!, ~21!

with Eq. ~10! then leading to

n2~y!5~2k5
2rba/312kuyu!2/a~12k5

2rbuyu/31kuyu2/a!,

~22!

and with Eq.~9! then entailing the equation of state

pb52rb/3212k/ak5
4rb . ~23!

Thus we see that the consistency of the embedding~cf. the
non-trivial vanishing ofG55) again imposes constraints o
the brane equation of state, with the metric away from
brane now growing quadratically with distance. It is thus

ic

19Noting the special role played by the brane cosmological c
stantl in establishing the Newton constant term in Eq.~18!, we see
that the effective Newton constantGN would vary~possibly even in
sign as well as magnitude! in different epochs separated by pha
transitions, with early universe cosmology then potentially
longer being controlled by the Newton constant measured in a
energy Cavendish experiment. It is thus of interest to note that
precisely an epoch dependence to both the sign and magnitud
the effective gravitational coupling constant which has recen
been identified@18# as a possible solution to the cosmological co
stant problem.

20In passing, we also note a subtlety in applying Eq.~18! to the
Schwarzschild problem. Specifically, even though t
4-dimensionalRmn50 vacuum Schwarzschild solution can@21# ex-
plicitly be embedded into a 5-space with a bulk cosmological c
stant according to the localizingds25e22uyu@dr2/(122MG/r )
1r 2dV2(122MG/r )dt2#1dy2, a case where every single term
in Eq. ~18! is found to vanish, nonetheless, the bulk is not AdS5 in
this case. Specifically, Eq.~18! only involves the projections of the
Weyl tensor along the normal direction to the brane and these c
ponents indeed do vanish in the bulk in the solution of@21#. How-
ever, explicit calculation shows that the other components of
Weyl tensor@viz. the ones not involved in Eq.~18!# do not in fact
vanish~cf. C010152MGe22uyu/r 3), so that~just like in our earlier
discussion of the 4-dimensional Schwarzschild de Sitter metric! we
find that in the presence of a Schwarzschild metric on the brane
geometry cannot be the maximally symmetric AdS5 in the bulk
~though it does become so asymptotically far from the brane!. Now
in their paper the authors of@19# showed that when there is a sp
tially inhomogeneous matter distribution on the brane, Eq.~18! then
prevents the exterior bulk geometry from being pure AdS5. Since
settingRmn50 on the brane actually requires a delta function s
gularity at r 50 ~if the 1/r term in g00 is to have a non-zero coef
ficient!, a Schwarzschild metric on the brane actually entails
inhomogeneous source on the brane, to thus yield a non-AdS5 bulk.
8-5
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the issue of whether or not there is to be a quenching of
metric when a bulk cosmological constant is introduced
which we now turn.

III. EMBEDDING A BRANE IN A NON-EMPTY BULK

In the event of there being a bulk cosmological const
2rB5pB5PT52L5 the structure of the solutions to th
5-dimensional Einstein equations will depend on whet
there is a spatial curvaturek on the brane. Thus on settin
k50 first and takinga(y) to be a function only ofuyu just as
before, Eq.~8! is then found to lead to

3

2

d2f ~ uyu!
duyu2 52k5

2L5f ~ uyu! ~24!

F3
d f~ uyu!

duyu
1k5

2rbf ~ uyu!Gd~y!50. ~25!

According to Eq.~24! ~viz. a pure bulk Einstein equatio
which would hold even in the absence of any brane ay
50) and its counterpart which comes from Eq.~9!, the most
general allowed metric coefficient in thek50 case is then
found to have an unbounded exponential dependence

a2~y!5 f ~y!5aenuyu1be2nuyu,

n~y! f 1/2~y!5e~y!5aenuyu2be2nuyu, ~26!

on distance ifL5 is negative~viz. anti–de Sitter!, with the
square of the exponentn being given by

n2522k5
2L5/3. ~27!

Thus no matter what sign we take forn, we see that in and o
itself a bulk cosmological constant does not automatica
lead to exponential suppression away from the brane in
case—as we recall from Eq.~1!, the AdS5 metric is quadratic
in R/z—with the most general solution to Eq.~24! in fact
necessarily being unbounded, with having aL5Þ0 bulk in
and of itself thus not being sufficient to guarantee bra
localization of gravity.21 Thus we see that while the bul
might have been a pure AdS5 bulk with only a single expo-
nential in its metric in the absence of the brane, the introd
tion of the lower symmetry brane then lowers the symme
in the bulk with the unbounded exponential no longer au
matically being excluded.

21In the original Randall-Sundrum study the brane geometry w
taken to be maximally 4-symmetric~viz. Minkowski!, to thus
oblige the metric coefficientsa2(y) andn2(y) to be equal to each
other, and thereby only allow solutions with a single exponent
~Whether this single exponential itself would then be converging
diverging depends on the sign ofLb .) However, once the bran
geometry is lowered to maximally 3-symmetric, two exponen
terms with opposite sign exponents are then allowed.
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In order to try to remove this undesired growing expone
tial anyway, we note that the insertion of Eq.~26! into the
brane discontinuity formulas associated with Eq.~8! and its
Eq. ~9! counterpart yields

3n~a2b!52~a1b!k5
2rb , ~28!

6n~a1b!5~a2b!k5
2~rb13pb!, ~29!

relations whose solubility requires the quantityrb(rb
13pb) to expressly be negative. Thus if in addition to th
equation of state~once again we see that embeddings en
constraints on both the bulk and brane matter fields!

L52k5
2rb~rb13pb!/1250, ~30!

which then follows, we additionally now impose the cond
tion

pb52rb , ~31!

we will then explicitly force the coefficientb to vanish and
reduce the metric to just one exponential term. Thus on dr
ping the b dependent term in Eq.~26! ~a point we shall
return to below!, and retaining only thea dependent one, we
then find that the discontinuity condition at the brane th
fixes the sign ofn according

n52k5
2rb/3, ~32!

with the geometry now being localized to the brane acco
ing to

a2~y!5aenuyu, n2~y!5aenuyu, ~33!

whenrb is positive~for rb negative no localization would be
obtained!, with Eq. ~30! then yielding the compatibility con-
dition

L51k5
2rb

2/650. ~34!

Thus whenb is set to zero the exponential dependence
sociated with Eq.~33! nicely quenches the linear metric de
pendence found in Eq.~12! in the empty bulk case just a
desired, while precisely imposing on the brane the equa
of state associated with a cosmological constantl, with the
condition 2L55k5

2rb
2/6[k5

2l2/6 then entailing the vanish
ing of the net effective brane cosmological constantL4 of
the general Eq.~19!,22 just as found in the original Randall
Sundrum study.

Returning now to the more generalb dependent case
given in Eq.~26!, we see that it is its more general equati
of state L52k5

2rb(rb13pb)/1250, rather than the re-
stricted one of Eq.~34!, which actually matches on continu
ously to thepb52rb/3 equation of state obtained earlier
Eq. ~13! in the L550 case. The reason for this is due to t
limiting process needed to extract the term linear inuyu as

s

l.
r

l 22Equation~19! thus explains why this condition is in fact qua
dratic in l.
8-6
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needed for Eq.~12! from a function only containing expo
nentials, with it being only a linear combination of two e
ponentials with appropriately chosen singular coefficie
@.(161/n)# which can generate a non-vanishing line
term when the exponentn5(22k5

2L5/3)1/2 is allowed to go
to zero. Hence, by not retaining theb dependent term, we
have then taken aL5 dependent metric, viz. that of Eq.~33!,
whoseL5→0 limit does not generate any term linear inuyu.
It is thus our assumedb vanishinguyu5` boundary condi-
tion which takes care of the Eq.~12! empty bulk linear term,
with the parameterb itself actually only vanishing when th
very specific equation of statepb52rb is imposed,23 to thus
then lead to a geometry which is exponentially suppresse
we go away from the brane. As we shall now show, howev
in the presence of a non-zero spatial curvature, i.e. in
presence of a non-trivial topology on the brane, even pick
a brane field configuration which retains only the expon
tially dampeda dependent term will not in fact prove suffi
cient to suppress the geometry away from the brane.

In thekÞ0 non-empty bulk case, Eqs.~26!, ~28! and~29!
are found to be replaced by

f ~y!5aenuyu1be2nuyu22k/n2,

e~y!5aenuyu2be2nuyu, ~35!

3n~a2b!52~a1b22k/n2!k5
2rb , ~36!

6n~a1b!5~a2b!k5
2~rb13pb!, ~37!

where againn2522k5
2L5/3. If we now drop thebenuyu type

term by hand by requiring the matter fields to obeyk5
2(3pb

1rb)2124L550, the solution reduces to

a2~y!5aenuyu13k/k5
2L5 ,

n2~y!5aenuyu/~113ke2nuyu/ak5
2L5!, ~38!

where

n5~22k5
2L5/3!1/252k5

2rb~113k/ak5
2L5!/3,

pb52rb~112k/ak5
2L5!, ~39!

with the net brane cosmological constantL4 vanishing this
time if the brane matter energy density and brane cosmol
cal constant~defined viarb5rm1l) are fine-tuned accord
ing to

l52rm~11ak5
2L5/3k!, ~40!

so that the brane matter pressure defined viapb5pm2l is
then related to the brane matter energy density accordin
pm52rm/3. As we thus see, even though the AdS5 expo-
nential damping factor does make an appearance in thk

23Since we should in principle be able to consider brane fi
configurations other than this particular one, we see that in gen
some configurations lead to suppression and some do not.
02401
s
r

as
r,
e
g
-

i-

to

Þ0 case, nonetheless we find thata2(y) is not asymptoti-
cally suppressed far away from the brane. Rathera2(y) tends
to the non-vanishing value 3k/k5

2L5 if k is negative@even as
n2(y) is then being suppressed#, while if k is positiven(y)
actually becomes singular. This lack of suppression is a
evidenced in the Riemann tensor, with itsR12

12 component
for instance, viz.

R12
125 f 82/4f 22k/ f , ~41!

tending to2k5
2L5/3 at largey ~viz. twice the pure AdS5

value!, with the bulk embedding thus never being able
counteract the effect of the spatial curvature of the brane
matter how judicious a choice of matter fields we may ma
A similar situation is also found for the Weyl tensor where24

C12
125@22e f f913e f8222e f k23e8 f f 812 f 2e9#/12e f2

~42!

asymptotes to the non-vanishing value2k5
2L5/6. Thus, un-

like pure AdS5, the metric associated with Eq.~38! is not
conformal to flat,25,26 with the bulk cosmological constan
L5 term not being able to completely quench the quadra
growth previously found fora2(y) in Eq. ~21! in the kÞ0,
L550 case.27 Thus, to conclude, we see that while embe
ding in a higher dimensionalL5,0 bulk might lead to a
brane-localized geometry in certain specific cases, it wo
appear from study of our somewhat idealized static cosm
logical model that such embeddings may not always lead

d
ral

24For metrics of the form given in Eq.~5! all non-vanishing com-
ponents of the Weyl tensor are kinematically proportional toC12

12.
25As Eq. ~42! also shows, even whene(y)5 f (y)51, C12

12 is
equal to2k/6 and still does not vanish. Thus even while a const
curvature 3-space embedded in an otherwise flat 4-space~viz. stan-
dard 4-dimensional Robertson-Walker! produces a 4-dimensiona
metric which is conformal to flat, the same is not true of the same
space embedded in an otherwise flat 5-space, something a
cosmological constant is simply unable to alter. With only thek
50 Robertson-Walker geometry thus being localizable by an Ad5

embedding, it would be of interest to see whether geometries w
non-zerok but with a negligibly small current era value ofVk(t)

52kc2/Ṙ2(t) could still admit of an effective brane-localized cu
rent era gravity.

26It is possible to force the bulk Weyl tensor to vanish, to th
force the bulk to actually be AdS5. However, this requires the re
instatement of the divergentb type term, with the coefficients in the
metric of Eq.~35! having to then obeyab5k2/n4Þ0, and with the
fields then having to be related according tok5

2rb(2rb13pb)
26L550. Thus even in this case there is still no localization
gravity. Further details of this particular case are presented s
rately in @22#.

27While, as had already been noted above, the bulk geom
would not be pure AdS5 in the event that the brane matter sour
was spatially inhomogeneous, we also see that even when the b
distribution is homogeneous, the bulk geometry may still not
pure AdS5.
8-7
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exponential suppression in general, with localization th
needing to be checked on a case by case basis.

Note added.As shown above, the key result of this pap
is that while it is possible to localize gravity around a sing
Minkowski brane embedded in a non-compactified bulk w
a non-zero cosmological constant, such localization is
possible for a non-flat Robertson-Walker brane embedde
the same non-compactified bulk. While beyond the spec
scope and objectives of the present paper, it is nonethele
interest to ask what would happen if the bulk fifth dimensi
were to be compactified into anS1 /Z2 circular geometry
with an orbifold symmetry, a two-brane setup whose cosm
ogy was explicitly studied in@23#. Specifically, these author
considered linearized perturbations around the t
Minkowski brane setup~viz. two static branes with equal an
opposite cosmological constants embedded in a compact
bulk with non-zero cosmological constant! due to the addi-
tion of perfect fluid matter fields on the~explicitly assumed
spatially flat! branes. In their study they found, through u
of the radion stabilization mechanism~a mechanism which
requires the presence of a new, additional scalar field in
bulk @24#!, that the associated radion modulus fluctuat
field which appears once the fifth dimension is in fact co
pactified then serves to stabilize the size of the fifth dim
sion, with standard cosmology then being recovered in
linearized limit @cf. l@rm , pm in Eq. ~18!#. With regard to
this perturbative treatment we note that as the strength
B

li,

ys

t.

re
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the brane perfect fluids are increased two things occur. F
the terms in Eq.~18! which are quadratic inrm , pm start to
become important on the brane, to thus lead to depart
from the standard cosmology on the brane itself. And s
ond, as these perfect fluid matter fields build up on the bra
they start to produce new gravitational fields in the bulk. A
as the study of this paper shows, in the event of non-z
spatial curvature on the brane, these ensuing bulk grav
tional fields are then apparently able to non-perturbativ
lead to an undoing of gravity localization altogether, and
their presence any compactification radius would theref
phenomenologically need to be microscopic.
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